Abstract: In this note we derive the expected total discounted profit of an insurer due to a single policy holder within a third-party liability insurance. We consider both a policy holder claiming optimally and non-optimally.
Introduction
We consider the Markov decision process as discussed in Dellaert et al. (1990) describing the optimal behaviour of a policy holder within an automobile third-party liability insurance governed by a bonus-malus rating system. For this model we derive a simple formula for the expected total discounted profit of the insurer due to this policy holder. Haehling von Lanzenauer (1972) discusses the same subject, but he uses the assumption that an individual causes damage at most once per year. Therefore his analysis is not suitable for practical situations.
In the derivation of the result for a policy holder claiming optimally, we assume that the policy holder knows the exact duration of his insurance contract, his damage distribution and his damage rate. Because a lot of policy holders will not know this information,
we will also present the results for a policy holder claiming reasonably. Finally we note that for a detailed analysis of the above decision model and the definition of the used state space the reader is referred to Dellaert et al. (1990) . Also to simplify reading we will use the same notation as in Dellaert et al. (1990) .
Insurers' profit
In this section we will determine the expected profit for the insurer due to a single policy holder. Clearly, profit due to a single policy holder is defined as the difference between the (discounted) costs and revenues over the entire insurance period. In the relevant literature very little attention has been paid to the concept of cost for the insurer. We can only refer to De Bakker (1987) , Van den Bosch (1972) and Voute (1985) . In practice one mostly reserves a percentage of the net premium for costs. We want to consider the costs for an insurer in more detail and therefore give a more detailed description of the components.
Before starting this description we define a claim as an amount of money paid by the insurer to the policy holder for covering expenses caused by damages.
First, we have the fixed costs for each policy holder. These costs include for instance costs for administration of the policy contracts, overhead costs, costs made by other departments of the insurer in aid of the automobile insurance department, and advertising costs. Second, we have costs proportional to the policy holders net premium. Usually the main part is the commisssion for intermediaries.
The third kind of costs are the fixed costs for each claim, consisting mainly of costs for administration.
The proportional costs for each claim are the last kind of costs. Apart from the claim size there are usually expert costs and additional administration costs which increase with the size of the claim.
Of course the gross premium for the insurance contains the expected costs for the above components and, additionally, reservations for bonusmalus discount and a profit component.
The net premium is the amount the policy holder really pays (excluding taxes). This premium is determined by subtracting (or adding) the bonus (malus) discount from the gross premium. The bonus-malus discount is usually expressed as a percentage of the gross premium. An example of a bonus-malus discount system is presented in Table 1 of Dellaert et al. (1990) . For the mathematical model considered the net premium is an exogenous variable. We remark that besides the costs there are, apart from the premium revenues, the interest revenues of premium and claim reserves. In this paper we neglect these revenues. They can , however, simply be taken into account by classifying them under one of the cost components.
Analysis
As in Dellaert et al. (1990) Dellaert et al. (1990) . The bonus-malus state j is , determined by two elements:
1. the premium to be paid next year by the policy holder when he does not claim during the rest of the current year (rrC1), 2. the premium to be paid next year by the policy holder when he claims exactly one damage during the rest of the current year (rr,).
We can elicit every possible combination of rrO and n-i from the transition table of the bonusmalus scheme [cf. Dellaert et al. (1990, Table 111 . We let j denote a particular combination, where j=l , . . . ,I. The combination (~a, r,> does not change if there is no claim. We now consider two cases where j changes.
1. The policy holder claims a damage. After a claim the policy holder moves to a new combination a(j) = (r$, r,*>, where rt = rri. It follows that is not necessary to record the number of claims during the insurance year, because next year's premium is adapted immediately after a claim. 2. A new insurance year starts. The policy holder pays the premium at the beginning of each insurance year. This premium is equal to r,,(a(j>> or r,(j) depending on whether he has claimed during the last period of the previous insurance year. When he does not claim during the new insurance year he will move to a higher bonus-malus class next year (unless he is in the highest class) and pay a lower premium. This corresponds to a different combination (~a, rri). We will describe the number of the new combination by b(j) if there has been no claim during the last period of the previous year and by b(a( j>> if there has been one claim.
An example of this bonus-malus system with 14 bonus-malus classes [based on Table 1 of Dellaert et al. (1990) , with a gross premium of Dfl. 10001 is presented in Table 1 . In this table we find the number of the bonus-malus combinations j, the next-year premium (with and without claiming), the transitions and the corresponding bonus-malus class (BM-class) at the beginning of the insurance year. Note that the bonus-malus combinations 1, 6 and 8 can only be reached after there has been a claim during the insurance year and so they cannot occur at the beginning of the year.
In order to determine the expected total discounted profit of the insurer we introduce the following functions.
Let i be the number of remaining years (or a part of the year) of the insurance, 1 I i 5 T, let n be the subperiod in the current year, 1 I n IN and let j be the bonusmalus combination, 1 I j i J. The costs or profit from the end of period N(T -i> + n through the end of period NT for an optimally claiming policy holder at the end of period N(T -i) + n, who is in bonus-malus combination j just before submitting possible claims are defined by: S,i(j, n> = expected total discounted costs of the insurer due to claimed damages and the proportional extra costs; SiZ( j, n) = expected total discounted costs due to damages paid by an optimally claiming policy holder himself; Si(n> = expected total discounted damages faced by a policy holder; I$$ j, n) = expected total discounted profit of the insurer; L,(j, n) = expected total discounted costs of the insurer due to fixed costs of claims.
Moreover, let W&j> = expected total discounted profit of the insurer from the beginning of period 1 through the end of period NT due to an optimally claiming policy holder, who just entered the insurance in bonus-malus combination j.
By the above definitions, it follows immediately that
where R(j) denotes the revenue of the insurer at the beginning of period 1 due to the entrance of a policy holder in bonus-malus combination j and p < 1 is the one-subperiod discount factor. Clearly, if the random variable X, denotes the total amount of damage in subperiod k, 1 zz k s NT, it is easy to give a simple formula for S,(n):
with E denoting mathematical expectation, and so Si(n> is easy to calculate for every 1 5 i 5 T and l<n<N.
For reasons of convenience we will assume that the damage X, is independent of the subperiod k and can simply be described by X. This implies that, if the expected damage during a subperiod equals a constant s, we have
We will assume that the extra proportional costs for the insurer due to claims are equal to a fraction y of the claimed damage. Since damages either have to be paid by the insurer or by the policy holder the next equality follows by definition:
for every l<i~T, lln<N and l<jlJ. Hence for the computation of S,,(j, n> and SJj, n> it is sufficient by (2) and (4) to compute only S,i( j, n>. This computation, as will be shown, can be carried out recursively once we know the optimal claim policy. This policy can be obtained as follows. Let [cf. Dellaert et al. (199011 y< j, n, x> = minimal expected total discounted costs faced by a policy holder from the end of period N(T -i> + n through the end of period NT if this policy holder is in bonus-malus combination j and faces a damage of size x at the end of period N(T -i)+n foreveryl_<i<T,l_<n<N,l_<j_<Jandx>O and define Y(j, n> = E(V(j, n, X)).
In Dellaert et al. (19901 it is proved that the optimal claim policy for a finite horizon model with NT periods is a so-called threshold policy. 
whenever lli<T, l<n<N-1, l<j<Jand
whenever 2 I i I T, 1 5 j zz J. Moreover, it is also proved in Dellaert et al. (1990) that the complex-ity of the algorithm to compute the threshold values Di(j, n) is O(NJT). By the above observations it is not difficult to compute Sil(j, n) and L&j, n> recursively.
In order to write out this recursive scheme, we define (Y = fixed costs for each claim which leads to indemnity; ci(j, n> = expected number of claims which lead to indemnity in period N(T -i> + II of an optimaly claiming policy holder, if this policy holder, just before submitting possible claims, is in bonus-malus combination j at the end of period N(T-i)+n; d,(j, n> = expected amount of claimed damage due to an optimally claiming policy holder in period N(T -i> + ~1, if this policy holder, just before submitting possible claims, is in bonus-malus combination j at the end of period N(T-i)+n.
By the form of the optimal claiming policy and the occurrence of at most one damage in each subperiod we obtain ci( j, n) = I -G( Di( j, n))
with G(d) := P(X I d) and
with K(d) := lE(X1 (x S& Hence ci( j, n> also equals the probability of a claim in period N(Ti) + y1 and so we have for any 1 I i I T and 1 SjlJ:
Moreover, by a similar standard argument I U+ 7140, n) + Pl(t -c,(j, n))S,,(i, n + 1) + c,(i, nP,,(a(j), n + 111
(11)
Observe that the above formulae simplify in the last year of the insurance, since in this last year the policy holder will always claim, i.e. Dr(j, n> = 0 for every 1 5 n IN.
The recursive procedures in (10) and (11) take care of the computation of the cost components related to damages. We still have to analyse the cost components related to the insurance policy before stating our main theorem. Therefore we define: 6 = fraction of the net premium to be paid to the intermediary; C = fixed costs per year for each policy holder; FJn) = discounted fixed costs per policy holder from the end of period N(T -i) + II through the end of period NT.
For convenience, we assume that the fixed costs per policy holder and the intermediary's commission will be paid at the beginning of each insurance year. Due to this assumption we have for l<n<N, Moreover, if rr( j) denotes the premium to be paid to enter the bonus-malus class combination j at the start of the insurance, we obtain
W,(j) =(I-S)r(j) -C+W,(j, 1).
Proof. Let [cf. Dellaert et al. (199011 P,(j, n, x) = expected discounted premiums received by the insurer from the end of period N(T-i) + IE through the end of period NT due to an optimally claiming policy holder, if this policy holder is in bonus-malus combination j and faces a damage of size x at the end of period N(T -i>+n for any l<i<T, 11n_<N, l<j<J and ~20 and define PE(j, n) := lEP,(j, Iz, X).
Clearly by definition of the cost components, we obtain -Li( j, n) -e.(n). (12) Moreover [cf. Dellaert et al. (1990) 1, y( j, a) = pi( j, n> + Siz( j> n) (13) and hence by (4), (12) and (13) the first part follows. For the proof of the second part we note that R(j) equals (1 -6lr(j) -C and hence by (1) the desired result is obtained. 0
This proof concludes this section. In the next section we will discuss non-optimal claim sizes and investigate their influence on the profit expectations.
Non-optimal behaviour of the policy holder
If the policy holder uses non-optimal claim sizes, his expected total discounted costs will obviously be larger than the minimal expected total discounted costs. Due to Theorem 2.1 the expected total discounted profit for the insurer will change due to this difference. It is interesting to consider the difference in expected total discounted profit between a policy holder who uses optimal claim sizes and a policy holder using reasonable, but non-optimal claim sizes. We believe that claim sizes based on the following assumptions are reasonable:
1.
2.
The policy holder believes that he will have no more damages during the remaining part of the insurance contract. During the last year of the insurance contract (year T) the policy holder knows that the insurance will be ended by the end of that year. During earlier years the policy holder assumes to be insured 'forever'. 3. The policy holder used a discount rate /I = 1.
The claim sizes following from these assumptions can be calculated easily. During the last year of the insurance (year T) all damages will be claimed and this corresponds with D, (j, n> = 0 (14) for all 1 _< n IN and 1 5 j sJ. During earlier years we consider the difference in the premium that has to be paid if damage is claimed or if no damage is claimed. We consider therefore two sequences, K,(j), K2(j), . . . and M,(j), M, (j>, . . . , where K,(j) is the bonus-malus combination of the policy holder I years from now if the claims in the present year and M,(j) the bonus-malus combination if he does not claim in the present year while he is in bonus-malus combination j. Due to Assumption 1 we have the following formulae:
and
After a number of years the claiming policy holder will enter the combination J with the smallest amount of premium. From that year onwards there are no more differences in premium between the two options. Now let
Then the claim size threshold is determined by the differences in premium during the first L(j) -1 years:
for l<n<N, l<j<Jand lsi<T.
One other interesting behaviour of a policy holder is the one in which the policy holder uses only one positive claim size, next to the obvious claim size treshold 0 for bonus-malus combination 1 and during the last year of the insurance. There is not a unique best value for this claim size which is independent from the bonus-malus combination or the duration of the insurance. In the next section we consider a rather arbitrary value. 
Numerical results
In this section we calculate the expected total discounted profit for the example given in Dellaert et al. (1990) . In this example the amount of damage is lognormally distributed, with an average of Dfl. 1800, the basic premium is Dfl. 1000, the fixed costs C for each policy holder are Dfl. 75, the fixed costs LY per claim are Dfl. 100, the fraction y of proportional costs per claim equals 0.1 and the fraction 6 to be paid to the intermediary is 0.2. We take N = 12, the number of subperiods in a year, and a discount rate per year equal to 0.95, so p = 0.99594. We consider different damage rates.
First we consider the differences between the reasonable claim size and the optimal claim size policies. For further information on the behaviour of the optimal claim sizes we refer to Dellaert et al. (1990) . We remark that the values of the reasonable claim sizes do not depend on the damage rate. In Table 2 we compare the values with the optimal claim sizes, for which we consider two different damage rates: 0.1 and 0.2. These values are based on a stationary situation with an infinite horizon. The optimal claim sizes are different for every subperiod n in an insurance year. The values presented in Table 2 constructed by taking the average over all subperiods. [cf. Table 5 .4 of Dellaert et al. (19901.1 In Table 2 we find the differences between the reasonable claim sizes and the averaged optimal claim sizes to be rather small. We have also found small differences between the reasonable claim sizes and the optimal claim sizes during the first years of a finite horizon situation. From the small differences we expect that the expected total discounted profit for the reasonable claim sizes will not differ much from the profit with the -424 -354 -826 -743 -1148 -1052 -1426 -1316 -1653 -1527 -1825 -1686 -1937 -1789 -2045 -1883 -2109 -1938 -2162 -1980 Rate 0. 1   Optimal   3432  2831  2333  1870  1452  1107  837  607  420  279  186  103  52  17   Reasonable  Fixed   3458  3489  2853  2887  2349  2397  1881  1944  1458  1531  1109  1193  838  934  607  716  419  542  278  410  184  324  102  251  51  205  15 optimal claim-sizes. We also consider the profit for the policy holder using only one claim size, in this case Dfl. 1000. In Table 3 we present the expected discounted profit for a policy holder using the optimal claim-sizes, one using the reasonable claim sizes and one using a fixed claim size. The profit is calculated for two different damage rates. The policy holder enters the insurance for a period of 25 years in one of the 14 bonus-malus classes. Table 5 Profit for different insurance periods.
Some important conclusions can be drawn form Table 3 . The most important element is of course the surprisingly small difference between the expected discounted profit for a policy holder using optimal claim sizes and a policy holder using reasonable claim sizes. In this table we find that for a damage rate of 0.1 the difference is always less than Dfl. 26. For a damage rate of 0.2 the difference does not exceed Dfl. 66. For BMclasses 5 and up the differences are almost negligible. (We find the same small differences when we consider the expected discounted costs for the policy holder!)
Using only one claim size leads to much larger costs for the policy holder and also to a larger profit for the insurer. The differences between this policy and the optimal policy is more or less independent from the damage rate.
In order to give an indication of the course of the profit size, we will present two tables in which we consider different lengths of the insurance period. In Table 4 we consider five different insurance periods and a damage rate of 0.1. In BM-class  5  10  15  20  25   1  1337  1924  1914  1756  1585  2  985  1446  1376  1196  1020  3  706  1031  902  704  522  4  420  612  430  218  33  5  131 Table 5 we consider the same insurance periods for a damage rate of 0.2. From Table 4 we can learn that the differences between an insurance period of 10 years and one of 25 years are quite small. This implies that the outcome is relatively insensitive for the exact length of the insurance period and also that the size of the premium is quite attractive from the insurers point of view. The results of Table 5 are quite different. Here, the expected discounted profit over a period of 25 years is negative for the majority of the BM-classes. This indicates that it will not be very profitable to admit policy holders with an expected damage rate of 0.2 damages per year in BM-class 5 or higher. Admittance in one of these classes should be combined with a higher premium. This becomes even more clear if we consider the results of the undiscounted situation with damage rate 0.2, which is presented in Table 6 . In this table we notice that for an insurance period of 2.5 years only admittance in one of the first two BM-classes is profitable for the insurer.
